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Abstract: This paper develops a rigorous and practically implementable framework for portfolio return
measurement centered on the Modified Dietz Return estimator. While widely used in practice, the estimator is
often introduced heuristically and lacks a unified theoretical treatment. We formalize its structure under general
external cash flow conditions, establish its consistency properties, and clarify its interpretation as a discrete-time
approximation to continuous-time return functionals. The analysis demonstrates that the Modified Dietz Return
estimator arises naturally from first principles when returns are defined in the presence of intermediate flows.
The resulting framework bridges standard industry practice with a more precise mathematical foundation, with
direct implications for performance measurement, attribution, reporting standards, and fee-sensitive investment
applications.
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1. Introduction

ortfolio return measurement in the presence of

external cash flows remains a foundational yet

subtle problem in investment analysis. While
time-weighted returns eliminate the impact of external
contributions and withdrawals, they often require
continuous or high-frequency portfolio valuation.
In many institutional settings such valuations are
impractical, costly, or operationally unavailable. As a
result, practitioners frequently rely on approximations,
among which the Modified Dietz Return estimator is

one of the most widely used [1,3,5,7].

The practical importance of the problem has
increased substantially with the growth of institutional
asset management, private wealth management,
pension administration, and alternative investment
structures. In all such environments, portfolios
experience ongoing contributions and withdrawals, yet
performance must still be reported in a manner that is
economically meaningful, computationally feasible,
and operationally transparent.

Historically, several competing approaches to return
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measurement have emerged. Time-weighted return
methodologies seek to isolate investment skill from
the timing of external cash flows. Money-weighted
approaches, including Internal Rate of Return (IRR)
methods, instead incorporate the economic effect of
investor timing decisions. Each approach possesses
advantages and limitations. Exact time-weighted
returns may require valuation at every cash flow
date, while money-weighted methods may introduce
nonlinearities and interpretive difficulties.

The Modified Dietz Return estimator occupies an
important intermediate position. It preserves many of
the operational advantages of time-weighted methods
while incorporating a tractable treatment of intra-period
cash flows. Because of this balance, the estimator
has become deeply embedded within institutional
performance reporting frameworks and industry
standards [2,6].

Despite its prevalence, however, the Modified
Dietz Return estimator is often presented heuristically
rather than as the outcome of a coherent mathematical
framework. This has led to ambiguity regarding its
interpretation, approximation structure, and relation to
continuous- time return concepts [3,4]. In particular,
the estimator is frequently introduced operationally
without a clear explanation of why its weighting
structure emerges naturally from average invested
capital considerations.

This paper develops a unified formulation of the
Modified Dietz Return estimator. We show that it
can be derived systematically under general cash
flow structures, establish its internal consistency,
and position it as the natural discrete-time analog
of continuous-time return definitions. The analysis
proceeds in several stages. First, we formulate the
portfolio return problem in the presence of external
cash flows. Second, we derive the Modified Dietz
Return estimator from weighted capital principles.
Third, we connect the resulting expression to
continuous- time portfolio dynamics and show
that the estimator arises as a discretization of a
more general return functional. Finally, we discuss
practical implications involving attribution, reporting
standards, fee- sensitive environments, and operational
implementation. The resulting framework demonstrates
that the Modified Dietz Return estimator should

be understood not merely as a convenient industry

approximation, but as a principled and internally
consistent methodology grounded in the structure of
average invested capital.

2. Return Measurement with External Cash
Flows

2.1 Notation
We introduce the following notation for consistency
throughout the paper:

* V,: Portfolio value at time ¢

* Vy, V5 Initial and terminal portfolio values over the
interval [0, T']

» C;: External cash flow occurring at time #, where
positive values denote contributions and negative
values denote withdrawals

* w;: Time-weight associated with cash flow C,,
defined as Appendix A.

w, = T%‘ (2.1)

* VV: Effective (average) invested capital over the
interval

* Ry;p: Modified Dietz Return over [0, T']

* R: Portfolio return over [0, T']

* G,: Cumulative gain process

 C;; Cumulative external cash flow process

* 11, o: Drift and diffusion (volatility) coefficients

* Bt: Standard Brownian motion

o T: Length of the measurement interval

2.2 Framework
Let V, denote the portfolio value at time ¢z, and let {C;}
represent external cash flows occurring at times ¢, €
[0, 7.

Over the interval [0, 7], the portfolio value admits
the decomposition Appendix B.

Vr =V +2iCi + Gr,

where G, denotes cumulative investment gain over

(2.1)

the interval.

The central problem is to define a return R that
appropriately accounts for both the timing and
magnitude of the flows.

A naive return measure,

Vr—Vo (2.2)
Vo ' '
fails in the presence of flows because it conflates

investment performance with external capital

movements. If substantial contributions occur near the
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end of the interval, the naive denominator understates
the actual capital deployed during the period.

The problem therefore becomes the construction of a
meaningful measure of average invested capital.

The Modified Dietz Return framework addresses
this issue by assigning each cash flow a weight
proportional to the fraction of the interval during which
the flow remains invested. This produces a tractable
approximation to average capital exposure without

requiring continuous valuation.

3. Derivation of the Modified Dietz Return
Estimator

Define time weights by

_ Tt

Wi =— (3.1)

The weighting structure is justified formally in
Appendix B.
The effective invested capital is then

V=V0 +Z['W[' Ci.

The Modified Dietz Return estimator is defined as

(3.2)

Gr

Ryp = m, (3.3)
where

Gr=Vr =V =X (i (3.4)
Equivalently,

Gr = Ryp - V. (3.5)

The estimator therefore arises naturally from the
principle that investment gain equals return multiplied
by average invested capital. Several useful properties
follow immediately.

First, when no external cash flows occur, the estimator

reduces to the standard return formula
Vr-Vo

Ryp = !
MD Vo

(3.6)

Second, earlier flows receive larger weights because
they remain invested for longer portions of the interval.

Third, the estimator is linear in both gains and flows,
making it operationally efficient and particularly useful
in attribution analysis.

These features explain why the Modified Dietz
Return estimator has achieved widespread adoption in

institutional reporting environments.

4. Continuous-Time Portfolio Dynamics

A deeper interpretation of the Modified Dietz Return
estimator emerges in continuous time.

Let portfolio value evolve according to the Itd
stochastic differential equation

th =,th dt+0’Vt dBt +dCf, (41}

where u and o denote drift and diffusion (volatility)
coefficients, B, is standard Brownian motion, and C,
is a finite variation process representing cumulative
external cash flows.

Such formulations are standard in continuous-time
finance and stochastic portfolio modeling ™*'.

This representation separates endogenous investment
evolution from exogenous capital movements. The
stochastic component models investment performance
generated by the underlying portfolio process, while
the finite variation term captures external contributions
and withdrawals.

The inclusion of the cash flow process is essential
because practical portfolio performance cannot be
interpreted independently of capital movements.
In realistic investment settings, contributions and
withdrawals alter the effective capital base over time
and therefore influence any economically meaningful
return measure.

The corresponding decomposition of gains and flows
is developed further in Appendix D.

The continuous-time framework also clarifies the
approximation structure underlying the Modified
Dietz Return estimator. In continuous time, return
measurement depends naturally on time-average capital
exposure. Exact evaluation of such quantities requires
knowledge of the entire portfolio path V,.

In practice, however, portfolio valuation occurs
only discretely. The Modified Dietz Return estimator
replaces the continuous-time average with a tractable
weighted approximation derived from observable cash
flow dates.

Viewed from this perspective, the estimator
behaves similarly to a numerical quadrature rule
approximating a continuous-time integral using discrete
observations.

This interpretation provides a theoretical bridge
between continuous- time portfolio dynamics and

practical performance reporting methodologies.
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4.1 Solution of the Continuous-Time Portfolio
Dynamics
Additional insight may be obtained by considering
the structure of the stochastic differential equation in
greater detail.

First consider the portfolio process in the absence of
external cash flows:

This is the classical geometric Brownian motion
model widely used in continuous-time finance. The

corresponding solution is

Ve = Voexp |(u—302) t+0B, | (4.3)

This representation shows that portfolio value
evolves multiplicatively through both deterministic
drift and stochastic diffusion components.

The drift term p governs average portfolio growth,
while the volatility coefficient ¢ determines the
magnitude of random fluctuations generated by the
Brownian motion process.

In the absence of external cash flows, portfolio return
measurement is comparatively straightforward because
the evolution of capital is entirely endogenous to the
investment process.

The introduction of external flows fundamentally
alters this structure. When the process dctis incorporated,
portfolio evolution becomes

th = HV{ dt + O'Vt dBt + dCt

The process is no longer purely multiplicative

(4.4)

because contributions and withdrawals inject or remove
capital over time.

As a result, the portfolio value process becomes path
dependent with respect to the timing and magnitude of
external flows.

This observation is central to understanding why
return measurement in the presence of flows is
substantially more complicated than standard return
measurement without flows.

The appropriate return denominator can no longer
depend solely on initial capital. Instead, it must reflect
the evolving capital exposure generated jointly by
portfolio dynamics and external cash flows.

A formal solution may be expressed using a variation-
of-constants representation.

Define the integrating factor

I, = exp [(u—iaz) t+aBt]. (4.5)

Then the portfolio process admits the representation

Ve =T, (Vo Jy Tst dCy). (4.6)

This expression has an important interpretation. The
factor I, represents the stochastic growth generated by
the underlying investment process, while the stochastic
integral term accumulates the effect of external flows
adjusted for the intervening portfolio evolution.

Consequently, the portfolio value at time t depends
not only on the total magnitude of cash flows, but also
on their timing relative to the stochastic evolution of
the investment process.

This provides a natural explanation for the weighting
structure appearing in the Modified Dietz Return
estimator.

In continuous time, the economically relevant
quantity is average capital exposure generated by the
full stochastic path V,. Because exact evaluation of this
path-dependent quantity is operationally difficult, the
Modified Dietz Return methodology replaces it with
a weighted discrete approximation based on observed
flow dates.

Under conditions of moderate volatility and
approximately linear evolution between flow dates,
the resulting approximation performs well because
the weighted denominator provides a first-order
representation of the continuous-time average capital.

This interpretation clarifies why the estimator is both
operationally practical and theoretically meaningful.

It also explains the conditions under which
approximation errors may become more significant.
Large volatility, highly concentrated flows, or
substantial nonlinear portfolio evolution may increase
the discrepancy between the continuous-time average
capital and its weighted discrete approximation.

From this perspective, the Modified Dietz Return
estimator may be viewed as a discretization of a flow-
adjusted stochastic portfolio process.

This continuous-time interpretation strengthens the
conceptual foundation of the methodology and helps
unify practical performance reporting with modern
stochastic portfolio dynamics.

5. Relation to Continuous-Time Returns

Define the continuous-time return functional over
[0, T] as
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T T
_ Jyave—J, ace

R =%! .
F_ro Ve dt

(5.1)

The numerator represents cumulative investment
gain after removing external flows.

The denominator represents average invested
capital over the interval. In practical applications, the
continuous-time denominator is generally unavailable
because the full path V is not continuously observed.

The Modified Dietz Return estimator approximates
this quantity by replacing the integral with a weighted

discrete sum:

2o Ve dt = Vo + 3w € (5.2)

The discretization underlying this approximation is
formalized in Appendix C.

The Modified Dietz Return estimator therefore
emerges naturally as a first-order discretization of a
continuous-time return functional.

This interpretation clarifies both the strengths and
limitations of the methodology. The approximation
performs well when portfolio evolution is sufficiently
smooth between flow dates and when flows are not
excessively concentrated.

Periods of substantial volatility or irregular flow

timing may increase approximation error.

5.1 Approximation Error of the Modified Dietz
Return Estimator

Define the approximation error
E:=R-R MD-

This error arises from replacing the continuous-time

(5.3)

average capital

~J, Veat (5.4)

with a weighted discrete approximation.

The magnitude of the error depends on several
factors:

* curvature of the portfolio value process,

* concentration and timing of cash flows,

* intra-period volatility,

* deviations from approximate linear evolution.

When portfolio value evolves approximately linearly
between flow dates and cash flows remain reasonably
dispersed, the approximation error is expected to be
small.

Conversely, substantial volatility or highly clustered

flows may increase the discrepancy between the
continuous-time integral and its weighted approximation.
A more detailed stochastic characterization of the

error process is left for future research.

6. Practical Implications

6.1 Performance Measurement

The Modified Dietz Return estimator provides
a computationally efficient and conceptually
transparent alternative to exact time- weighted returns
in environments where continuous valuation is
impractical.

Many institutional portfolios are valued only monthly
or quarterly.

Requiring valuation at every cash flow date
may introduce significant operational complexity,
particularly for pension systems, private funds, real
estate vehicles, and alternative investment portfolios.

The Modified Dietz Return methodology addresses
this problem by capturing the economic effect of cash
flow timing without requiring continuous valuation.

This balance between economic interpretation
and operational feasibility explains the estimator’s
widespread use in institutional investment management.

Because the methodology depends only on
beginning value, ending value, and dated cash flows,
implementation remains practical even in large
reporting systems.

6.2 Performance Attribution
The linear structure of the Modified Dietz Return
estimator facilitates performance attribution analysis.

Because gains are expressed relative to average
invested capital, portfolio contributions may be
decomposed naturally into economically meaningful
components.

This feature is particularly important in multi-asset
portfolios where returns depend jointly on allocation
decisions, manager selection, sector exposures, and
cash flow timing.

The resulting transparency improves interpretability
and comparability across managers and reporting
periods.

6.3 Reporting Standards

The Modified Dietz Return estimator aligns naturally
with established industry reporting standards, including
the Global Investment Performance Standards
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(GIPS®).

These standards emphasize consistency, transparency,
and comparability in the presentation of investment
performance.

The explicit treatment of intra-period cash flow
timing is central to this objective. By weighting flows
according to the fraction of the interval during which
they remain invested, the estimator produces returns
that more accurately reflect capital exposure over the
reporting horizon.

This property is particularly important when exact
daily valuation is unavailable.

6.4 Implications for AUM-Based Fees

In many investment contexts, portfolio returns form
the basis for asset- based and performance-related fee
calculations.

Consequently, the methodology used to measure
returns may have direct economic consequences for
both managers and investors.

The Modified Dietz Return estimator provides
a transparent and internally consistent framework
for incorporating external cash flows into return
calculations.

Its weighting structure helps ensure that capital
is neither over- nor under-represented during the
measurement interval.

This issue becomes particularly important when
large contributions or withdrawals occur near reporting
dates .

6.5 Numerical Illustration
Consider a portfolio with initial value
Vo = 1,000. (6.1)
Suppose the following cash flows occur during the
year:
* contribution of 200 at ¢ = 0.257,
* withdrawal of 100 at = 0.75T.
Assume terminal portfolio value equals

Vr = 1,260. (6.2)
Total investment gain is therefore
Gr = 1,260 — 1,000 — 200 + 100 = 160. (6.3)

The corresponding Modified Dietz Return weights are

Wl - 0.75, W2 = 025. (6.4}
Average invested capital becomes
V = 1,000 + 0.75(200) — 0.25(100) = 1,125. (6.5)

The Modified Dietz return is therefore
160

—_— D ﬂ
Ryp = 1125 ~ 14.22%. (6.6)
By contrast, the naive return measure yields
1,260-1,000
- = 0
1000 26%. (6.7)

Suppose now that portfolio valuations are available
immediately before each external cash flow. Assume
the portfolio evolves as follows:

* the portfolio grows from 1,000 to 1,100 before the
first contribution,

« after the 200 contribution, the portfolio value
becomes 1,300,

* the portfolio subsequently grows to 1,350 before
the withdrawal,

« after the 100 withdrawal, the portfolio value
becomes 1,250,

» the portfolio finally grows to 1,260 by period end.

The corresponding subperiod returns are therefore

_1,100-1,000 _
=" = 10%, (6.8)
_ 1350-1300 _ o

2= "0 3.85%, (6.9)

and
1,260-1,250

T3 = W = 08% (610)
The true time-weighted return is therefore

A+m)A+r)A+1r3)—1, (6.11)
which gives

(1.10)(1.0385)(1.008) — 1 =~ 15.1%. (6.12)

Thus:

* Naive return: 26%

* Modified Dietz Return: 14.22%

* Time-weighted return: 15.1%

The Modified Dietz Return estimator therefore
provides a substantially closer approximation to the
economically meaningful time-weighted return than the
naive return measure.

This comparison illustrates why the estimator
remains attractive in practical environments where
exact time-weighted calculations are operationally
unavailable or prohibitively expensive.

The example also demonstrates the fundamental role
of weighted average capital in producing economically
interpretable return measures in the presence of
external cash flows.
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7. Conclusion

This paper has presented a unified treatment of the
Modified Dietz Return estimator, demonstrating that
it arises naturally from a weighted capital framework
under general cash flow conditions. By deriving the
estimator from first principles, the analysis clarifies its
structure and removes the perception that it is merely
an ad hoc industry approximation. The connection
to continuous-time return functionals provides a
deeper interpretation, showing that the estimator may
be understood as a discretization of a more general
return concept. This perspective strengthens both the
theoretical foundation and the practical interpretation
of the methodology.

The analysis also identifies the sources of approximation
error and clarifies the conditions under which the
estimator performs well. These observations create a
natural bridge to future research involving stochastic
error analysis, numerical approximation theory, and
fee-sensitive investment structures. At the same time,
the paper highlights the continued practical importance
of the estimator in institutional reporting, attribution
analysis, operational implementation, and performance-
based fee environments. Taken together, these results
position the Modified Dietz Return estimator as both
a theoretically grounded and practically relevant

framework for portfolio return measurement.
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Appendix A: Aggregation Over the
Measurement Interval

Define cumulative investment gain by

GT:= VT_VD —EiCi. (Al}
Then
VT - Vo + Ei Cl' + GT' (AZ}

This decomposition separates external capital
movements from investment performance.

Appendix B: Justification of the Weighting
Scheme

The average invested capital over [0, T'] is

1 0T
;fo V, dt. (B.1)

Consider a cash flow ci occurring at time ¢,

Its contribution persists over the interval [z, T'].

Under approximate linear evolution between flow
dates, its contribution to average capital equals

1T T—t;
;fti G dt =—C;. (B.2)
Summing over all flows yields
V::VD+Zl¥Ci. (B.3)
L

Hence the Modified Dietz Return weights arise
naturally from average capital considerations.

Appendix C: Discretization Interpretation
The continuous-time denominator

AT (c1)

may be approximated by replacing V, with piecewise
linear interpolation between flow dates.

Under this approximation, the integral reduces
to a weighted discrete sum of capital contributions,
producing the Modified Dietz Return denominator.

This interpretation explains why the estimator may
be viewed as a first- order quadrature approximation to
average invested capital.

Appendix D: Stochastic Process Formulation

Let portfolio value evolve according to

th = HVt dt + O'Vt dBt + dCt (Dl}
Define the gain process

th: = th - dCt. (DZ)
Integrating over [0, 7'] gives

GT - J-OTd Vf - J-on Cf' (D.S)

Substituting into the continuous-time return functional
yields
Gr

R=1 T .
?J‘D thf

(D.4)

The Modified Dietz Return estimator is obtained by
replacing the denominator with its weighted discrete
approximation.

This establishes the estimator as a consistent
discretization of the continuous-time return functional

under general semi martingale dynamics.



